In this paper, we mainly study the derivation algebra of the free Lie algebra and the Chen Lie algebra generated by the abelianization H of a free group, and trace maps. To begin with, we give the irreducible decomposition of the derivation algebra as a GL(n, Q)-module via the Schur-Weyl duality and some tensor product theorem for GL(n, Q). Using them, we calculate the irreducible decomposition of the images of the Johnson homomorphisms of the automorphism group of a free group and a free metabelian group.
Introduction
For a free group F n with basis x 1 , . . . , x n , set H := F ab n the abelianization of F n . The kernel of the natural homomorphism ρ : Aut F n → Aut H induced from the abelianization of F n → H is called the IA-automorphism group of F n , and denoted by IA n . Although IA n plays important roles on various studies of Aut F n , the group structure of IA n is quite complicated in general. For example, any presentation for IA n is not known. Furthermore, Krstić and McCool [25] showed that IA 3 is not finitely presentable. For n ≥ 4, it is not known whether IA n is finitely presentable or not. nilpotent quotient F n /Γ n (k) induces a natural homomorphism Aut F n → Aut (F n /Γ n (k + 1)). Then its kernel A n (k) defines a descending central filtration IA n = A n (1) ⊃ A n (2) ⊃ · · · . This filtration is called the Johnson filtration of Aut F n . Each of the graded quotient gr k (A n ) := A n (k)/A n (k + 1) naturally has a GL(n, Z)-module structure, and is considered as one by one approximation of IA n . To study gr k (A n ), the Johnson homomorphisms
of Aut F n are defined where H * := Hom Z (H, Z). Historically, the Johnson filtration was originally studied by Andreadakis [1] in 1960's, and the Johnson homomorphisms by D. Johnson [17] in 1980's who determined the abelianization of the Torelli subgroup of the mapping class group of a surface in [18] . Now, there is a broad range of remarkable results for the Johnson homomorphisms of the mapping class group. (For example, see [16] , [30] , [32] and [33] .) Since each of τ k is GL(n, Z)-equivariant injective, to clarify the structure of the image of τ k is one of the most basic problems. By a pioneer work of Andreadakis [1] , it is known that τ 1 is an isomorphism. It is known that Coker(τ 2,Q ) = S 2 H Q and Coker(τ 3,Q ) = S 3 H Q ⊕ Λ 3 H Q by Pettet [36] and Satoh [39] respectively. Here τ k,Q := τ k ⊗ id Q and H Q := H ⊗ Z Q. In general, however, it is quite a difficult problem to determine even the rank of the image of τ k for k ≥ 4. . It is known that A ′ n (2) = A n (2) due to Bachmuth [3] , and that A ′ n (3) has at most finite index in A n (3) due to Pettet [36] . Set gr k (A ′ n ) := A ′ n (k)/A ′ n (k + 1). Then we can also define a GL(n, Z)-equivariant homomorphism
by the same way as τ k . We also call τ ′ k the k-th Johnson homomorphism. In [43] , we determine the cokernel of the stable rational Johnson homomorphism τ ′ k,Q := τ ′ k ⊗ id Q . More precisely, we proved that for any k ≥ 2 and n ≥ k + 2,
where C Q n (k) := C n (k) ⊗ Z Q, and C n (k) be a quotient module of H ⊗k by the action of cyclic group Cyc k of order k on the components:
In general the target of τ k is considered as the degree k part of the derivation algebra Der + (L n ) of the free Lie algebra L n generated by H. The first aim of the paper is to give irreducible decompositions of GL(n, Q)-modules C Q n (k) and Der + (L n,Q )(k) = Der + (L n )(k) ⊗ Z Q. Our proof is based on the Schur-Weyl duality for GL(n, Q) and S k . where S k is the symmetric group of degree k, S λ is its irreducible module associated to a partition λ of k, Cyc k is a cyclic subgroup of S k generated by a cyclic permutation of order k and triv k is the trivial representation of Cyc k .
(2) For any k ≥ 1 and n ≥ k + 2, as a GL(n, Q)-module, we have a direct decomposition
where in the second term, the sum runs over all partitions µ such that its length ℓ(µ) is smaller than or equal to n, and L {µ;(1)} is the irreducible GL(n, Q)-module det −1 ⊗L µ .
We remark that, as a GL(n, Q)-module, C Q n (k) is isomorphic to the invariant part a n (k) := (H ⊗k Q )
Cyc k of H ⊗k Q by the action of Cyc k . Namely, the cokernel Coker(τ ′ k,Q ) is isomorphic to Kontsevich's a n (k) as a GL(n, Q)-module. In our notation a n (k) is considered for any n ≥ 2 in constrast to Kontsevich's notation for even n = 2g. (See [23] and [24] .) We also remark that the polynomial part (H Q ) ⊗k of Der + (L n,Q )(k) is detected by a contraction map. (See Subsection 2.3 for the definition of the contraction map.) Using this theorem, for given k ≥ 1, we can calculate the irreducible decomposition of Im(τ ′ n,Q ) and Coker(τ ′ n,Q ) for n ≥ k + 2.
On the other hand, we also give the irreducible decompositions of the derivation algebras of the Chen Lie algebra L M n,Q and some free abelian by polynilpotent Lie algebra L N n,Q generated by H Q . (See Subsections 2.4 and 2.5 for the precise definition.) They were studied in our previous papers [40] and [41] in order to investigate the cokernel of the Johnson homomorphisms τ ′ k,Q . In this paper, after tensoring with Q, we determine the irreducible decompositions of the image of the Johnson homomorphism τ M k of the automorphism group of a free metabelian group, and of the image of the composition map τ (1) For any k ≥ 1 and n ≥ k + 2,
(2) For any k ≥ 1 and n ≥ k + 2,
For any irreducible GL(n, Q)-module L λ with highest weight λ, we see
Hence we can regard Im(τ ). In the rest of the paper, we consider some applications of trace maps. In general, the trace maps are used to study the cokernel of the Johnson homomorphisms. One of the most important trace maps is Morita's trace map
Introducing this map, Morita showed that S k H Q appears in the irreducible decomposition of Coker(τ k,Q ). Using the part (1) of Theorem 1, we see that the multiplicity of S k H Q in the irreducible decomposition of each of Coker(τ ′ n,Q ) and Coker(τ n,Q ) is just one. In Section 5, we determine the abelianization of the derivation algebra Der + (L M n ) of the Chen Lie algebra using Morita's trace maps. That is,
More precisely, this isomorphism is given by the degree one part and Morita's trace maps Tr [k] .
We should remark that this result is the Chen Lie algebra version of Morita's conjecture:
for the free Lie algebra L n for any n ≥ 3. (See also [33] .)
Next we consider another important trace map
called the trace map for the exterior product Λ k H. In [39] , we show that Λ k H Q appears in Coker(τ ′ k,Q ) for odd k and 3 ≤ k ≤ n, and determine Coker(τ 3,Q ) using Tr [3] and Tr [1 3 ] . In Section 6, we prove that the trace map Tr [1 k ] defines a non-trivial twisted second cohomology class of the automorphism group Aut N n,k of a free nilpotent group N n,k := F n /Γ n (k + 1) with coefficients in Λ k H Q for any k ≥ 2 and n ≥ k. To show this, we prove that
is trivial. Then we consider the cohomological five term exact sequence of a group extension
introduced by Andreadakis [1] . (See also Proposition 2.3 in Morita's paper [31] .)
On the other hand, let T n,k be the image of a natural homomorphism Aut F n → Aut N n,k induced from the projection F n → N n,k . The group T n,k is called the tame automorphism group of N n,k . Similarly to Aut N n,k , observing the cohomological five term exact sequence of a group extension 0 → gr
we show that the GL(n, Z)-equivariant homomorphism Tr [1 k ] • τ k defines a non-trivial twisted second cohomology class of T n,k . Namely, the main purpose in Section 6 is to show 
Preliminaries
In this section, after fixing notation and conventions, we briefly recall some facts of the automorphism group of a free group, the free Lie algebra, the Chen Lie algebra and the automorphism group of a free nilpotent group.
Notation and conventions
Throughout the paper, we use the following notation and conventions. Let G be a group and N a normal subgroup of G.
• The abelianization of G is denoted by G ab . Namely, G ab = H 1 (G, Z). Similarly, for any Lie algebra G, we denote by G ab the abelianization of G as a Lie algebra.
• The automorphism group Aut G of G acts on G from the right unless otherwise noted. For any σ ∈ Aut G and x ∈ G, the action of σ on x is denoted by x σ .
• For an element g ∈ G, we also denote the coset class of g by g ∈ G/N if there is no confusion.
• For elements x and y of G, the commutator bracket [x, y] of x and y is defined to be [x, y] := xyx −1 y −1 .
• For elements g 1 , . . . , g k ∈ G, a commutator of weight k of the type
with all of its brackets to the left of all the elements occurring is called a simple k-fold commutator, and is denoted by
• For any Z-module M and a commutative ring R, we denote M ⊗ Z R by the symbol obtained by attaching a subscript
Automorphism group of a free group and its subgroups
Here we review some properties of the automorphism group of a free group. To begin with, we recall the Nielsen's finite presentation for Aut F n . In this paper, we fix a basis x 1 , . . . , x n of a free group F n of rank n. Let P , Q, S and U be automorphisms of F n defined as follows:
Namely, P is an automorphism induced from the permutation of x 1 and x 2 , Q is induced from the cyclic permutation of the basis, and so on. Nielsen [35] obtained the first finite presentation for Aut F n in 1924.
Theorem 2.1 (Nielsen [35] ). For n ≥ 3, Aut F n has a finite presentation with generators P , Q, S and U subject to relations:
In Section 6, we use the Nielsen's presentation to compute twisted first cohomology groups of Aut F n . Let
n } ⊂ F n be a subset of all letters of F n . We denote by Ω n a subgroup of Aut F n consisting of all σ ∈ Aut F n that effect a permutation on X ±1 . Then it is known that Ω n is a finite group of order 2 n n! and generated by P , Q and S. (See [35] .) The subgroup Ω n is called the extended symmetric group of degree n.
Next we consider the natural projection induced from the abelianization of F n . Let H := F ab n be the abelianization of F n and ρ : Aut F n → Aut H the natural homomorphism induced from the abelianization of F n → H. Throughout the paper, we identify Aut H with the general linear group GL(n, Z) by fixing a basis of H induced from the basis x 1 , . . . , x n of F n . Using the Nielsen's presentation, we easily see that ρ is surjective. For any σ ∈ Aut F n , we also denote ρ(σ) ∈ GL(n, Z) by σ if there is no confusion. With this notation, P , Q, S and U generate GL(n, Z). In particular, it is known that Theorem 2.2 (Magnus [28] ). (See also Section 7.3 in [12] .) For n ≥ 3, the group GL(n, Z) has a finite presentation with generators P , Q, S and U subject to relations (R1), . . ., (R12) and (R13): (SU) 2 = 1.
Now the kernel IA n of ρ is called the IA-automorphism group of F n . Magnus [28] showed that for any n ≥ 3, IA n is finitely generated by automorphisms
for distinct 1 ≤ i, j ≤ n, and
for distinct 1 ≤ i, j, l ≤ n and j < l. Recently, Cohen-Pakianathan [9, 10]CFarb [13] and Kawazumi [20] independently showed
as a GL(n, Z)-module where H * := Hom Z (H, Z) is the Z-linear dual group of H. In particular, from their result, we see that IA ab n is a free abelian group of rank 2n 2 (n − 1) with basis the coset classes of the Magnus generators K ij and K ijl .
We denote by Ω n the image of Ω n by the natural projection ρ. Since IA n is torsion free, Ω n is isomorphic to Ω n . Namely, Ω n is a finite group of order 2 n n! generated by P , Q and S.
Free Lie algebra L n and its derivations
In this subsection, we recall the free Lie algebra generated by H, and its derivation algebra. Let Γ n (1) ⊃ Γ n (2) ⊃ · · · be the lower central series of a free group F n defined by the rule
We denote by L n (k) := Γ n (k)/Γ n (k + 1) the k-th graded quotient of the lower central series of F n , and by L n := k≥1 L n (k) the associated graded sum. It is classically well known due to Witt [44] that each L n (k) is a free abelian group of rank
where Möb is the Möbius function. The graded sum L n naturally has a graded Lie algebra structure induced from the commutator bracket on F n , and called the free Lie algebra generated by H. (See [37] for basic material concerning the free Lie algebra.) For each
Next, we consider an embedding of the free Lie algebra into the tensor algebra. Let
be the tensor algebra of H over Z. Then T (H) is the universal enveloping algebra of the free Lie algebra L n , and the natural map ι :
is an injective graded Lie algebra homomorphism. We denote by ι k the homomorphism of degree k part of ι, and consider L n (k) as a submodule H ⊗k through ι k .
Here, we recall the derivation algebra of the free Lie algebra. Let Der(L n ) be the graded Lie algebra of derivations of L n . Namely,
and can consider Der(L n )(k) as
for each k ≥ 1 by the universality of the free Lie algebra. Let Der + (L n ) be a graded Lie subalgebra of Der(L n )(k) with positive degree. (See Section 8 of Chapter II in [6] .) Similarly, we define a graded Lie algebra Der
For the natural embedding ι k+1 :
We also call Φ k a contraction map. In Proposition 4.7, we study the irreducible decomposition of Der + (L n,Q )(k) as a GL(n, Z)-module using the contraction map.
Finally, we review the trace maps. For any
Then the composition map
is a GL(n, Z)-equivariant surjective homomorphism, and is called Morita's trace map. Morita studied the cokernel of the Johnson homomorphism of Aut F n using Morita's trace map, and showed that S k H Q appears in the irreducible decomposition of it for any k ≥ 2.
Then the composition map 
Chen Lie algebra L

M n and its derivations
Here we recall the Chen Lie algebra generated by H, and its derivation algebra. Let
We denote by L naturally has a graded Lie algebra structure induced from the commutator bracket on F M n by the same argument as the free Lie algebra L n . The Lie algebra L M n is called the free metabelian Lie algebra or the Chen Lie algebra, generated by H.
. By an argument similar to the free Lie algebra, it turns out that each of the graded quotients
with basis
Let Der
Similarly, we define a graded Lie algebra Der In our paper [41] , we have determined the Z-module structure of L N n (k), and showed that its rank is given by.
and
is a basis of it.
We [41] used these facts to investigate the cokernel of the Johnson homomorphism. Let Der
Similarly, we define a graded Lie algebra Der + (L N n,Q ) over Q. In Subsection 4.4, we give the irreducible decomposition of Der + (L N n,Q ).
Johnson homomorphisms
For each k ≥ 1, let N n,k := F n /Γ n (k + 1) of F n be the free nilpotent group of class k and rank n, and Aut N n,k its automorphism group. Since the subgroup Γ n (k+1) is characteristic in F n , the group Aut F n naturally acts on N n,k . This action induces a homomorphism
Let A n (k) be the kernel of ρ k . Then the groups A n (k) define a descending central filtration
. For each k ≥ 1, the group Aut F n acts on gr k (A n ) by conjugation. This action induces that of GL(n, Z) = Aut F n /IA n on it.
In order to study the GL(n, Z)-module structure of gr k (A n ), the Johnson homomorphisms of Aut F n are defined as follows. For each k ≥ 1, define a homomorphismτ k :
Then the kernel ofτ k is just A n (k + 1). Hence it induces an injective homomorphism
The homomorphism τ k is GL(n, Z)-equivariant, and is called the k-th Johnson homomorphism of Aut F n . Furthermore, we remark that the sum of the Johnson homomorphisms forms a Lie algebra homomorphism as follows. Let gr(A n ) := k≥1 gr k (A n ) be the graded sum of gr k (A n ). The graded sum gr(A n ) has a graded Lie algebra structure induced from the commutator bracket on IA n . Then the sum of the Johnson homomorphisms
is a graded Lie algebra homomorphism.
It is known that τ 1 gives the abelianization of IA n by an independent work of CohenPakianathan [9, 10] CFarb [13] and Kawazumi [20] as mentioned above. Namely, gr 1 (A n ) ∼ = IA ab n . Furthermore, we have exact sequences
as GL(n, Z)-modules. (See [39] for details.) In general, however, the GL(n, Z)-module structure of gr 
We also call τ ′ k the Johnson homomorphism of Aut F n . We remark that if we denote by
Let C n (k) be a quotient module of H ⊗k by the action of cyclic group Cyc k of order k on the components:
In our paper [43] , we showed that for any k ≥ 2 and n ≥ k + 2,
Now, by the same argument as τ k , we can define the Johnson homomorphisms τ
is defined by σ → (x → x −1 x σ ). In our paper [40] , we showed that
is an exact sequence of GL(n, Z)-modules for each k ≥ 2 and n ≥ 4.
Automorphism group of a free nilpotent group
In this section we recall some properties of the automorphism group Aut N n,k of a free nilpotent group N n,k . First, we consider generators of Aut N n,k . For any σ ∈ Aut F n , we also denote ρ k (σ) ∈ Aut N n,k by σ if there is no confusion. Andreadakis [1] showed that ρ 2 is surjective, and that ρ k is not surjective for k ≥ 3. Hence Aut N n,2 is generated by the Nielsen's generators P , Q, S and U.
For k ≥ 3, Goryaga [15] showed that Aut N n,k is finitely generated for n ≥ 3 · 2 k−2 + k and k ≥ 2. In 1984, Andreadakis [2] showed that Aut N n,k is generated by P , Q, S, U and the other k − 2 elements for n ≥ k ≥ 2. In this paper, we use the following Bryant and Gupta's result. Let θ be an automorphism of N n,k , defined by
Then Bryant and Gupta [7] showed that for k ≥ 3 and n ≥ k − 1, the group Aut N n,k is generated by P , Q, S, U and θ. In Section 6, we use these generators to compute the first cohomology group of Aut N n,k . We remark that any presentation for Aut N n,k is not obtained except for Aut N 2,k for k = 1, 2 and 3 due to Lin [27] .
Next, we consider a relation between Aut N n,k and Aut N n,k+1 . For k ≥ 1, we have a natural central group extension
In this paper, we identify L n (k + 1) with its image in N n,k+1 . Namely, L n (k + 1) is equal to the (k + 1)-st term of the lower central series of N n,k+1 . In particular, L n (k + 1) is a characteristic subgroup of N n,k+1 . Hence the projection N n,k+1 → N n,k induces a homomorphism ψ k : Aut N n,k+1 → Aut N n,k . In order to investigate the kernel of ψ k , we consider the degree k part of the derivation algebra of the free Lie algebra. For any f ∈ Hom Z (H, L n (k + 1)), define a map f : N n,k+1 → N n,k+1 by
∈ H is the image of x in H under the natural projection N n,k+1 → H. Then f is an automorphism of N n,k+1 , and a map Hom Z (H, L n (k + 1)) → Aut N n,k+1 defined by f → f is an injective homomorphism which image coincides with the kernel of ψ k . Namely, for k ≥ 1, we have a group extension
introduced by Andreadakis [1] . (For details, see also Proposition 2.3 in Morita's paper [31] .)
Let T n,k be the image of the homomorphism ρ k : Aut F n → Aut N n,k for each k ≥ 1. Clearly, the group T n,k is generated by P , Q, S and U, and is called the tame automorphism group of N n,k . The exact sequence (8) induces
In Section 6, we use these two group extensions to study twisted cohomology groups of T n,k and Aut N n,k .
3 Representation theory of GL(n, Q) and the symmetric group S k
In this section, we prepare some results in representation theory for GL(n, Q), namely Cartan-Weyl's heighest weight theory, several tensor product theorems and the SchurWeyl duality for GL(n, Q) and the symmetric group S k . In the last of this section, we briefly recall Kraśkiewicz-Weyman's combinatorial description for the branching rules of irreducible S k -modules to a cyclic subgroup Cyc k of order k.
Partitions and symmetric functions
A partition λ = (λ 1 , λ 2 , . . .) is a sequence of decreasing non-negative integers λ 1 ≥ λ 2 ≥ · · · ≥ 0. We denote the set of partitions by P. Set |λ| := λ 1 + λ 2 + · · · . If a partition satisfies |λ| = m, the we call λ a partition of m and write λ ⊢ m. The conjugate partition of λ is the partition λ ′ = (λ
, we call it the length of λ. A partition λ is even if all λ i are even. For two partitions λ and µ, we write λ ⊃ µ if λ i ≥ µ i for all i. For two partition λ and µ satisfying λ ⊃ µ, the skew shape λ\µ is a vertical (resp. horizontal) strip if there is at most one box in each row (resp. column). For a partition λ of m, a semi-standard (resp. standard) tableaux of shape λ is an array T = (T ij ) of positive integers 1, 2, . . . , m of shape λ that is weakly (resp. strictly) increasing in every row and strictly increasing in every column.
For a partition λ = (λ 1 , λ 2 , . . . , λ n ), we define a polynomial of n-variable by
This is a homogeneous symmetric polynomial of degree |λ|. We call it the Schur polynomial associated to λ. For two partitions µ = (µ 1 , . . . , µ n ) and ν = (ν 1 , . . . , ν n ), we define the Littlewood-Richardson coefficients LR λ µν by
Then LR λ µν becomes a non-negative integer.
Highest weight theory for GL(n, Q)
Let T n := {diag(t 1 , . . . , t n ) | t j = 0, 1 ≤ j ≤ n} be the maximal torus of GL(n, Q). We define one-dimensional representations ε i of T n by ε i (diag(t 1 , . . . , t n )) = t i . Then
gives the weight lattice and the set of dominant integral weights of GL(n, Q) respectively. In the following, for simplicity, we often write G = GL(n, Q), T = T n , P = P GL(n,Q) and P + = P + GL(n,Q) . Furthermore, we write λ = (λ 1 , . . . , λ n ) ∈ Z n for λ = λ 1 ε 1 + · · · + λ n ε n ∈ P or P + if there is no confusion.
For a rational representation V of G, there exists an irreducible decomposition V = λ∈P V λ as a T -module where V λ := {v ∈ V | tv = λ(t)v for any t ∈ T }. We call this decomposition a weight decomposition of V with respect to T . If V λ = {0}, then we call λ a weight of V . For a weight λ, a non-zero vector v ∈ V λ is call a weight vector of weight λ.
Let U be the subgroup of G consists of all upper unitriangular matrices in G. For a rational representation V of G, we set V U := {v ∈ V | uv = v for all u ∈ U}. We call a non-zero vector v ∈ V U a maximal vector of V . This subspace V U is T -stable. Thus, as a T -module, V U has an irreducible decomposition
Theorem 3.1 (Cartan-Weyl's highest weight theory).
(1) Any rational representation of V is completely reducible.
(2) Suppose V is an irreducible rational representation of G. Then V U is one-dimensional, and the weight λ of V U = V U λ belongs to P + . We call this λ the highest weight of V , and any non-zero vector v ∈ V U λ is called a highest weight vector of V . (3) For any λ ∈ P + , there exists a unique (up to isomorphism) irreducible rational representation L λ of G with highest weight λ. Moreover, for two
(4) The set of isomorphism classes of irreducible rational representations of G is parameterized by the set P + of dominant integral weights.
(5) Let V be a rational representation of G and χ V a character of V as a T -module. Then for two rational representation V and W , they are isomorphic as G-modules if and only if χ V = χ W .
Remark 3.2.
We can parameterize the set of isomorphism classes of irreducible rational representations of G by P + . On the other hand, we define the determinant representation by det e : GL(n, Q) ∋ X → det X e ∈ Q × . The highest weight of this representation is given by (e, e, · · · , e) ∈ P + . If λ ∈ P + satisfies λ n < 0, then L λ ∼ = det −λn ⊗L (λ 1 −λn,λ 2 −λn,...,0) . Therefore we can parameterize the set of isomorphism classes of irreducible rational representations of G by the set {(λ, e)} where λ is a partition such that ℓ(λ) ≤ n and e ∈ Z <0 . Moreover the set of isomorphism classes of polynomial irreducible representations is parameterized by the set of partitions λ such that ℓ(λ) ≤ n.
Note that the dual representation of L (λ 1 ,λ 2 ,...,λn) is isomorphic to L (−λn,...,−λ 2 ,−λ 1 ) . Especially, the natural representation H Q = Q n of G and its dual representation H * Q are irreducible with highest weight (1, 0, . . . , 0) and (0, . . . , 0, −1) respectively. We also have
There is another parameterization of irreducible rational representations of G. For any λ ∈ P + , we define two partitions λ + and λ − by
Then there is a bijection
defined by λ → (λ + ; λ − ). Using this bijection, we can parameterize the isomorphism classes of irreducible rational representations of G by the set {L {λ + ;λ − } }. Note that under this notation, we have (L {λ;µ} ) * ∼ = L {µ;λ} .
Theorem 3.3 (Weyl's character and dimension formula for GL(n, Q)).
(1) For a partition λ, let χ λ be a character of an irreducible polynomial representation L λ . Then we have χ λ (t) = s λ (t 1 , . . . , t n ) for a diagonal matrix diag(t 1 , . . . , t n ) ∈ T .
(2) For a partition λ, the dimension of the irreducible polynomial representation L λ coincides with the number of semi-standard tableaux on λ.
Decompositions of tensor products
In this subsection, we recall some decomposition formulae of tensor products.
Theorem 3.4 (Pieri's formula). Let µ be a partition such that
where λ runs over the set of partitions obtained by adding a vertical k-strip to µ such that ℓ(λ) ≤ n. Corollary 3.6. Assume that 1 + ℓ(σ) ≤ n. Then we have
Proof. Under the notation of Theorem 3.5, ξ = τ = (0), η = (1) and κ = α = β = (0). Thus we obtain LR {λ;µ} {0;(1)},{σ;0} = γ,δ π
Corollary 3.7 (multiplicities of trivial representation). If
Proof. Under the notation of Theorem 3.5, α = β = γ = δ = (0). Thus κ = ξ = τ and π = η = σ. We obtain LR {0;0} {ξ;η},{σ;τ } = δ ξ,τ δ η,σ .
Schur-Weyl duality
For the natural representation H Q ∼ = L (1,0,...,0) of GL(n, Q), we consider the m-th tensor product representation GL(n,
Since these two actions are commutative, we can decompose H ⊗m as GL(n, Q) × S m -module. Let us recall this irreducible decomposition, called the Schur-Weyl duality for GL(n, Q) and S m . (iii) The GL(n, Q)-module generated by v λ is isomorphic to the irreducible representation L λ of GL(n, Q) associated to λ.
(2) We have the irreducible decomposition:
as GL(n, Q) × S m -modules. To do this, first we define a major index of a standard tableau. For a standard tableau T , we define the descent set of T to be the set of entries i in T such that i + 1 is located in a lower row than that which i is located. We denote by D(T ) the descent set of T . The major index of T is defined by
If D(T ) = ϕ, we set maj(T ) = 0. 
4 Irreducible decomposition of the derivation algebras over Q
In this section, we give the irreducible decompositions of each of the degree k parts of the derivation algebras
For describing the multiplicity of L λ , we will use some representation of Cyc m over an intermediate filed
For the natural representation H Q ∼ = L (1,0,...,0) of GL(n, Q), the module C Q n (k) can be considered as a quotient module of H ⊗k Q by the action of cyclic subgroup Cyc k of S k on the components:
where σ k is a generator of Cyc k . In this subsection, we give the irreducible decomposition of C Q n (k). Since the actions of GL(n, Q) and S k are commutative, the space C Q n (k) is a GL(n, Q)-module. Let pr : H ⊗k Q ։ C Q n (k) be the natural projection. The map pr is a GL(n, Q)-equivariant homomorphism.
Here, [triv k : Res
means the multiplicity of the trivial representation triv k of Cyc k in the restriction of irreducible S k -module S λ .
Proof. By the Schur-Weyl duality, the complete reducibility and the Schur's lemma, the subspace C
On the other hand, the restriction Res
j=0 V j over K where V j is a certain direct sum of the irreducible representation χ j of Cyc k , namely
Therefore we obtain pr(S λ ) ∼ = V 0 as a vector space, and [
The second equality of the claim follows from an ordinary character theory of finite groups. (
For the symmetric product
1 k is even and k ≤ n, 0 otherwise.
Proof. The claims follows from direct computation for irreducible decompositions of Res
respectively. But the claim also follows from Kraśkiewicz-Weyman's combinatorial description. (See Theorem 3.9 and Example 3.10.)
Decomposition of Der
In this subsection, we consider the irreducible decomposition of the derivation algebra of the free Lie algebra L n,Q . The degree m part L n,Q (m) of L n,Q is a submodule of H ⊗m Q as a representation of GL(n, Q). The irreducible decomposition of L n,Q (m) is obtained by the following theorem.
Theorem 4.3 ([21]).
(
Remark 4.4. We can obtain a more explicit description of the right hand side by using the Möbious function as follows:
Next, we consider the irreducible decomposition of H * Q ⊗L n,Q (m) as a GL(n, Q)-module. Proposition 4.5 (irreducible decomposition of H * Q ⊗ L n,Q (m)). For any partition λ = (λ 1 , λ 2 , . . . , λ n ), the multiplicity of the irreducible polynomial representation
where µ runs over all partitions obtained by removing a vertical (n − 1)-strip from (λ 1 + 1, . . . , λ n + 1).
Proof. Recall that H * Q ∼ = det −1 ⊗L (1 n−1 ,0) . Since the highest weight of the irreducible rational representation det −1 is (−1, . . . , −1), we have det
By the Pieri's formula given by Theorem 3.4, we have
where ν runs over all partitions obtained by adding a vertical (n − 1)-strip to µ such that ℓ(ν) ≤ n. Thus we conclude the claim.
Here we consider the multiplicities of the symmetric product and the exterior product of (
Proof.
(1) By Proposition 4.5 and Theorem 4.3, we have
The claim follows from Example 3.10.
(2) By Proposition 4.5 and Theorem 4.3, we have
The claim also follows from Example 3.10.
From the corollary above, we verify that each of the multiplicity of
is just one. We can write down each of a maximal vector of
and that of Λ k H Q is given by
We leave the proof to the reader as exercises.
More generally, we show that the multiplicity of L λ coincides with [L λ :
In other words, the following theorem and corollary describes the kernel of the contraction map Φ k Q . Proposition 4.7. As a GL(n, Q)-module, we have a direct decomposition
for some subrepresentation W such that every irreducible components of W are nonpolynomial representations. Especially, the kernel of the contraction map Φ k Q is isomorphic to W .
Proof. We shall prove that
for any partition λ of k. By Proposition 4.5, we have
where µ runs over all elements in the set of partitions obtained by removing a vertical (n − 1)-strip from (λ 1 + 1, . . . , λ n + 1). But for a partition λ, this set coincides with the set of partitions obtained by adding one box to λ. Thus, by Theorem 4.3, we have
where x runs over all addable boxes to λ.
Recall that Ind
λ⊔{x} where x runs over the set of addable boxes to λ. Therefore we obtain
by the Frobenius reciprocity. We shall use the Mackey's decomposition theorem for S k+1 , S k and Cyc k+1 . But since S k ∪ Cyc k generates S k+1 , in this case the (S k , Cyc k+1 )-coset is trivial. Moreover S k ∩ Cyc k+1 = {1}. Thus by the Mackey's decomposition theorem, we have
Here Ind
is isomorphic to the regular representation of S k . Since the multiplicity of S λ in the regular representation of S k is equal to the dimension of
Corollary 4.8. Under the notation above, we have
Proof. This follows from Corollary 3.6.
In [43] , we have obtained a GL(n, Q)-equivariant exact sequence
Hence if we fix an integer k ≥ 2, for any n ≥ k + 2 we can calculate the irreducible decompositions of C Q n (k) and Im(τ 
In the table above, for simplicity, we write (λ) for an irreducible polynomial representation
In the table above, (λ) means an irreducible polynomial representation L (λ) in the polynomial part, and (µ) means an irreducible non-polynomial representation L {µ;(1)} in the non-polynomial part.
Decomposition of Der
We have a basis (4) of L 
Note that L {(k);0} is nothing but S k H Q . In [40] , we showed that the cokernel of τ M k is isomorphic to S k H for any n ≥ 4 and k ≥ 2. Hence from Proposition 4.9, we immediately obtain Proposition 4.10. For any k ≥ 1 and n ≥ k + 2,
We have a basis (6) 
by Theorem 3.3 and Pieri's formula (See Theorem 3.4.). Using Corollary 3.6, we have Proposition 4.11. Let W 1 and W 2 be the polynomial part and the non-polynomial part of the irreducible decomposition of Der
In our paper [41] , we investigate the cokernel of the composition map
where the second map is induced from the natural projection L n (k + 1) → L N n (k + 1). In particular, we showed that
as a GL(n, Q)-modules. Hence we see that Proposition 4.12. For any k ≥ 1 and n ≥ k + 2,
Here we mention a relation between τ 
Abelianization of Der
In this section, we determine the abelianization of the derivation algebra of the Chen Lie algebra. To begin with, in order to give an lower bound on it, we consider the Morita's trace map Tr [k] : H * ⊗ Z L n (k + 1) → S k H for k ≥ 2 as mentioned in Subsection 2.3. Recently, using these trace maps Morita constructed a surjective graded Lie algebra homomorphism
where id 1 is the identity map on the degree one part H * ⊗ Z Λ 2 H of Der + (L n ), and the target is understood to be an abelian Lie algebra. In particular, Morita showed that Θ gives the abelianization of Der + (L n ) up to degree n(n−1), based on a theorem of Kassabov in [19] . (See Theorem 25 in [33] for details.)
On the other hand, Θ naturally induces a surjective graded Lie algebra homomorphism
and hence Der
In order to prove this is an isomorphism, it suffices to show that for any k ≥ 2, the degree k part of Der + (L M n ) ab is generated by
elements as an abelian group.
by Lemma 5.3 . Similarly, we verify that s(i 1 , . . . , i k ) = s(i σ(1) , . . . , i σ(k) ) if m = 1. Therefore we conclude that for n ≥ 4 and k ≥ 2, (Der + (L M n )) ab (k) is generated by
Namely, we obtain Theorem 5.5. For n ≥ 4, we have
More precisely, this isomorphism is given by the degree one part and the Morita's trace maps Tr [k] .
By the same argument as Proposition 6.1, we have Proposition 6.2. For n ≥ 3 and l ≥ 2, H 1 (Aut F n , Λ l H Q ) = 0.
Here we should remark that H 1 (Aut F n , H) = Z for any n ≥ 2. (See our paper [38] .)
Twisted cohomologies of T n,k
Here we consider twisted cohomology groups of the tame automorphism group T n,k of N n,k for k ≥ 2. To begin with, from Proposition 6.2, we have Lemma 6.3. For any n ≥ 3, k ≥ 2 and l ≥ 2, H 1 (T n,k , Λ l H Q ) = 0.
Proof. It is clear from the fact that the induced homomorphism
from the natural projection Aut F n → T n,k is injective.
Similarly, for l = 1, we have an injective homomorphism
for n ≥ 2. Hence, H 1 (T n,k , H) = 0 or Z. In order to show H 1 (T n,k , H) = Z, we consider Morita's crossed homomorphism. Let From Lemmas 6.3 and 6.5, we see that
is exact.
On the other hand, we have a GL(n, Z)-equivariant homomorphism Tr [1 k 
GL(n,Z) . In [39] , we showed that Tr [1 k ] • τ k is surjective for even k and 2 ≤ k ≤ n. In particular, we have Proposition 6.6. For even k and 2 ≤ k ≤ n, we see 0 = tg(Tr [1 k 
where tg is the transgression map.
Twisted cohomologies of Aut N n,k
In this subsection, for k ≥ 3, we consider twisted cohomology groups of Aut N n,k with coefficients in Λ l H Q .
By considering the cohomological five term exact sequence of the group extension (8),
